We consider arbitrary stationary and axisymmetric black holes in general relativity in (d + 1) dimensions (with d ≥ 3) that satisfy the vacuum Einstein equation and have a non-degenerate horizon. We prove that the canonical energy of axisymmetric electromagnetic perturbations is positive definite. This establishes that all vacuum black holes are stable to axisymmetric electromagnetic perturbations. Our results also hold for asymptotically deSitter black holes that satisfy the vacuum Einstein equation with a positive cosmological constant. Our results also apply to extremal black holes provided that the initial perturbation vanishes in a neighborhood of the horizon.
INTRODUCTION
It is of considerable interest to determine the stability of stationary black hole solutions to Einstein equation. For a solution to be physically relevant, it is essential that sufficiently small perturbations not drive one away from that solution. The full nonlinear stability problem has been settled only for Minkowski spacetime [1] . As a first step for other cases, it is important to analyze the stability of solutions to linearized perturbations. To establish the linear stability of a solution, one must show that all initial data for the linearized equations that are suitably regular and satisfy appropriate asymptotic conditions give rise to solutions that remain uniformly bounded and, further, decay at asymptotically late times to a stationary solution. On the other hand, a considerably weaker notion of linear stability that is much easier to analyze is mode stability, i.e., the nonexistence of suitably regular solutions that grow exponentially in time.
For the case of gravitational perturbations satisfying the linearized Einstein equation, mode stability of Schwarzschild spacetime follows immediately from the form of the decoupled equations for the perturbations [2] [3] [4] . Recently, a complete proof of linear stability, including decay, of gravitational perturbations of 4-dimensional Schwarzschild has been given by Dafermos, Holzegel and Rodnianski [5] . However, their methods do not admit a straightforward extension to the Kerr case and, moreover, are special to the case of 4-dimensions. Much less is known about the stability of general black holes in d > 4 dimensions, where there is a large variety of black hole solutions, some of which are known and/or believed to be unstable [6] .
As simpler problems than considering gravitational perturbations-which, nevertheless, should display many of its features-one could analyze the stability of vacuum black hole spacetimes to scalar perturbations satisfying the massless Klein-Gordon equation or to electromagnetic perturbations satisfying Maxwell's equations. In the case of a Kerr black hole in 4-dimensions, complete results on stability and decay of scalar fields have been obtained [7] [8] [9] [10] . For electromagnetic perturbations, boundedness and decay on a Schwarzschild black hole background has been shown by [11] using the Maxwell energy-momentum tensor and by [12] using a higher-derivative "superenergy tensor" (see also [13] ). For a slowly rotating Kerr black hole, uniform energy bounds were established in [14] . However, these methods cannot be straightforwardly generalized to treat black holes in higher dimensions.
As a very significant simplification, one could consider the stability of black holes to axisymmetric perturbations. Here, by "axisymmetric perturbations" we mean the following. At infinity, the horizon Killing field χ µ will take the form of a linear combination of the stationary Killing field t µ and rotational Killing fields φ µ Λ (with Λ ∈ {1, 2 . . . , k})
We will further assume that the metric possesses a t-φ reflection isometry-as was proven to hold for vacuum solutions in [15] -so that the spacetime metric may be put in the form
where, in these coordinates, we have t µ = (∂/∂t) µ and φ µ Λ = (∂/∂φ Λ ) µ . By an "axisymmetric perturbation," we mean a perturbation that is invariant under the action of all φ µ Λ appearing in Eq. 1.1. We do not require invariance under any axial Killing fields that may be present in the spacetime but are not associated with the rotation of the horizon. In particular, for a static black hole (where χ a = t a ), we do not place any symmetry restriction on the perturbation. For axisymmetric gravitational perturbations, the canonical energy method of Hollands and Wald [16] provides a general approach to analyzing stability. Positivity of canonical energy immediately implies mode stability [16] , whereas failure of positivity implies that there exist perturbations that grow exponentially in time [17] . However, the expression for the canonical energy of gravitational perturbations is quite unwieldy, particularly since the linearized constraint equations must be imposed upon the variables appearing in the expression. It has not even been shown directly from the formula for canonical energy that the canonical energy is positive for perturbations of a 4-dimensional Schwarzschild black hole, where it must be positive due to the known stability of these solutions (see above). On the other hand, certain black rings in 5-dimensions can be shown to be unstable to axisymmetric perturbations [18] by these methods [19] . However, in general, the stability of black holes to axisymmetric gravitational perturbations remains an open problem (see [6] ).
By contrast, it is straightforward to show the stability of all black holes to axisymmetric massless Klein-Gordon perturbations. For a scalar field, ϕ, the energy-momentum tensor is given by
The energy of a scalar field associated with this energy-momentum tensor is
where we may take Σ to be a hypersurface of constant t in the coordinates Eq. 1.2, and u µ denotes the unit normal to Σ. It should be noted that-unlike the case of a Maxwell field (see below)-for a Klein-Gordon field, the energy Eq. 1.4 defined via the energy-momentum tensor agrees with the canonical energy. For axisymmetric perturbations, we have φ µ Λ ∇ µ ϕ = 0 and we may therefore replace t µ by Nu µ in Eq. 1.4. We thereby obtain the manifestly positive definite expression
where D a is the derivative operator on Σ. Conservation of E ϕ then immediately implies mode stability. Indeed, since E ϕ has the character of a Sobolev norm and higher Sobolev-like norms can be obtained from the energy of time derivatives of ϕ, it should be straightforward 1 to show boundedness of axisymmetric perturbations ϕ off of an arbitrary black hole background. However, we shall not consider any boundedness and decay results here. Note that the positivity of E ϕ holds for axisymmetric ϕ in any spacetime of the form Eq. 1.2, i.e., it is not necessary to assume that the background black hole satisfies Einstein equation.
The case of axisymmetric electromagnetic perturbations is intermediate between the gravitational and scalar cases. The electromagnetic energy-momentum tensor of the Maxwell field
The electromagnetic energy associated with this energy-momentum tensor is
where we have inserted a subscript F to distinguish this energy from the canonical energy E , defined in Sec. 3 below. The electric field on Σ is defined by E µ = u ν F νµ . In terms of E a and the pullback, A a , of A µ to Σ, we have on the bifurcation surface of the horizon, and this boundary term is essential to obtain positivity. The positive definiteness and conservation of E ensure mode stability. Since E provides a Sobolev-like norm and higher Sobolev-like norms can be obtained from the canonical energy of time derivatives of solutions, we believe that boundedness of the electromagnetic field tensor could also be proven, but we shall not attempt to investigate this issue here.
In Sec. 2, we review the properties of the stationary-axisymmetric background black hole spacetimes that we will consider. In Sec. 3 we define the canonical energy for electromagnetic perturbations and establish some of its key properties. In Sec. 4, we restrict to axisymmetric perturbations. We split the canonical energy into "kinetic" and "potential" parts according to behavior under the t-φ reflection isometry of the background spacetime. We show that the kinetic energy is positive-definite, even if the black hole background does not satisfy Einstein equation. We then prove our main result showing that the potential energy for axisymmetric electromagnetic perturbations is positive whenever the vacuum Einstein equation holds.
In Sec. 5, we show that for perturbations with vanishing charge the canonical energy can be put into other positive definite forms in 3 + 1 and 4 + 1 spacetime dimensions. In particular, in 4-spacetime dimensions, the potentials for the electric and magnetic fields can be combined into a complex scalar potential Ψ for the self-dual part of the electromagnetic field strength. We show that Ψ satisfies a "wave-like" equation in spacetime (Eq. 5.22) and that the canonical energy can be written in terms of an "effective energy-momentum tensor" for Ψ (Eq. 5.20). Finally, in Appendix A, we show that E F can always be made negative for axisymmetric perturbations of a rotating black hole satisfying the vacuum Einstein equation.
In this paper, lower case Greek indices will be used to denote tensors on spacetime, e.g., g µν denotes the spacetime metric and t µ denotes the timelike Killing field of the background black hole. Lower case Latin indices will be used to denote tensors on the initial data surface Σ, e.g., h ab denotes the metric on Σ. The spacetime derivative operator of the background black hole will be denoted as ∇ µ ; the background derivative operator on Σ will be denoted as D a . Capital Greek indices will label the axial Killing fields, φ a Λ . As usual, spacetime and space indices will be raised and lowered using the appropriate metrics, g µν and h ab . Capital Greek indices will be raised and lowered using Φ ΛΘ , defined in Eq. 2.3 below. The rest of our conventions follow those of Wald [22] .
BACKGROUND STATIONARY-AXISYMMETRIC BLACK HOLE SPACE-TIMES
We consider an asymptotically flat (d + 1)-dimensional spacetime with d ≥ 3, containing a static or stationary-axisymmetric black hole spacetime (M, g) shown in Fig. 1 , with a bifurcate Killing horizon H := H + ∪ H − , and bifurcation surface B := H + ∩ H − . We assume that B is compact, but we do not assume any further restrictions on its topology 4 . Let t µ denote the time translation Killing field and let φ µ Λ denote the axial Killing fields associated with the horizon rotation (see Eq. 1.1). We assume that the spacetime possesses a t-φ reflection isometry (as has been proven to hold for vacuum solutions [15] ), so that the spacetime metric may be put in the form Eq. 1.2. Let Σ denote a t-φ reflection invariant surface (i.e., a t = const. surface in the coordinates of Eq. 1.2). We assume that Σ has one asymptotically flat end (with asymptotic conditions given by Eq. 2.2 below) and that inside a large sphere S ∞ in the asymptotic region, Σ is a compact manifold with boundary S ∞ ∪ B. Let u µ denote the future-directed unit normal to Σ. We decompose t µ into its normal and tangential parts relative to Σ, referred to as the lapse, N = −u µ t µ , and shift, N a , on Σ.
Let h ab denote the induced metric on Σ, let K ab denote the extrinsic curvature of Σ, and define
On the bifurcation surface B, we introduce a unit normal vector r a (pointing into Σ). Note that N| B = 0. The asymptotic flatness conditions on our stationary black hole are that
there exist coordinates (x 1 , . . . , x d ) on Σ such that
where ρ :
In addition, all n th derivatives of the above quantities (with respect to asymptotically Cartesian coordinates) are required to fall off faster by an additional factor of 1/ρ n . The asymptotic conditions on the lapse and shift ensure that t µ goes to an asymptotic time-translation at infinity.
It is convenient to view the labeling index, Λ, of the axial Killing fields φ a Λ as an abstract index associated with a vector space V of axial Killing fields (see [17] ). At each x ∈ Σ where the axial Killing fields are linearly independent, we can then define a positive definite inverse metric
We use Φ ΛΘ and its inverse, Φ ΛΘ to lower and raise the indices Λ, Θ . . . 
It will be convenient for later use to introduce the quantity
where the determinant is taken with respect to the k-form η Λ 1 ...Λ k on V with η 12...k = 1 in the original basis of axial Killing fields (normalized so that a rotational period is 2π). It also is convenient to introduce the quantity
so that, in view of Eq. 2.4, we have
In view of the (t-φ)-reflection isometry about Σ, the shift N a and momentum π ab are of the form (see [17] )
where N Θ is the quantity appearing in Eq. 1.2.
The vacuum Einstein equation requires that the initial data (π ab , h ab ) satisfy the constraint equations. For a stationary, axisymmetric spacetime with a t-φ reflection isometry, the Hamiltonian and momentum constraints become (see [17] ):
where R is the scalar curvature of the metric h ab on Σ and D a is the derivative operator on Σ. The ADM time evolution equations (see, e.g., Sec.E.2 of [22] for d = 3 and Sec.VI.6 of [23] for general d) for stationary solutions also impose restrictions on the initial data. For spacetimes of the type we consider, the ADM evolution equations yield
Finally, we note that the relation
Λ (which holds for any Killing field) may be combined with Eq. 2.4 to yield
where X b Θ Λ was defined in Eq. 2.7 above. When combined with Eq. 2.11a, we obtain the following very useful relation
Equivalently, we have
(2.14)
ELECTROMAGNETIC PERTURBATIONS AND CANONICAL ENERGY
We wish to consider electromagnetic perturbations of the black hole spacetimes described in the previous section. The electromagnetic field is represented by a connection in a principal U(1) bundle over spacetime, but linearized perturbations must be described by a trivial bundle, so we may represent the electromagnetic field by a smooth vector potential A µ on spacetime, which is unique up to smooth gauge transformations A µ → A µ −∇ µ ξ. We require that A µ go to zero at spatial infinity as
where ρ is the asymptotic radial coordinate introduced below Eq. 2.2. All n th spacetime derivatives of A µ are required to fall off faster by an additional factor of 1/ρ n . In this section, we will not assume that the electromagnetic field is axisymmetric. The Maxwell Lagrangian is
where F µν := 2∇ [µ A ν] and ε µ 1 ...µ d+1 is the volume element associated with the spacetime metric. The equations of motion obtained from Eq. 3.2 are Maxwell's equations
The symplectic potential obtained from Eq. 3.2 is
and the symplectic current is
Here A µ denotes the background vector potential and δA µ denotes the perturbed vector potential. We have dω = 0 whenever δ 1 A µ and δ 2 A µ satisfy Maxwell's equations. Since the background electromagnetic field vanishes quantities, we will drop the δ in all further expressions, e.g., in all formulas below, A µ will denote the perturbed vector potential. The initial data for the electromagnetic field on Σ is given by α := (E a , A a ), where E a is the electric field defined by
and A a is the pullback of A µ to Σ. Maxwell's equations Eq. 3.3 are equivalent to the Gauß constraint
together with evolution equations for the initial data
The Maxwell energy-momentum tensor is given by Eq. 1.6 and the corresponding energy, E F , is given by Eq. 1.7. As already noted in the Introduction, E F can be written in terms of α = (E a , A a ) as Eq. 1.8. The symplectic form Ω on the space of initial data is obtained by integrating Eq. 3.5 over
where the natural volume element on Σ is understood. This integral converges by virtue of our asymptotic conditions Eq. 3.1 on A µ except in (3 + 1)-dimensions, where there could be a logarithmic divergence in ρ. This difficulty can be eliminated by imposing slightly stronger fall-off conditions on the odd parity part of E a and the even parity part of A a (analogous to the Regge-Teitelboim conditions on the asymptotic behavior of the metric at spatial infinity [24] ). However, we shall not impose any such additional conditions here because the canonical energy integral (see Eq. 3.10 below) will converge without the imposition of additional conditions on account of the extra derivative appearing in that formula. Since dω = 0, the symplectic form is conserved in the sense that the integral of Eq. 3.5 takes the same value on any Cauchy surface for the exterior of the black hole. The canonical energy is obtained from Ω by replacing the solution A 2µ by the solution £ t A 2µ . Viewed as a bilinear form on initial data α = (E a , A a ), we have Proof. Conservation of E (property (i)) follows immediately from conservation of Ω. The symmetry of E (property (ii)) can be seen as follows [16] : In differential forms notation, we have
since dω = 0. Thus, when integrated over Σ, the right side yields only boundary terms. These boundary terms vanish due to our asymptotic conditions Eq. 3.1 and the fact that t µ is tangent to B. Symmetry of E then follows immediately. The non-degeneracy of E (property (iii)) can be seen as follows. Suppose that α = (E a , A a ) is a degeneracy of E , i.e., suppose that
for all α ′ . Since A ′ a can be chosen to be an arbitrary smooth vector field of compact support, we immediately obtainĖ a = 0. On the other hand, we can choose
where
is an arbitrary antisymmetric tensor field of compact support. We thereby obtain D [aȦb] = 0. These conditions are equivalent to £ t F µν = 0.
To prove gauge invariance (property (iv)), we must show that E (α 1 , α 2 ) = 0 whenever α 2 is of the form α 2 = (0, −D a ξ). Substituting this in Eq. 3.10, we obtain
Since D a E a 1 = 0, we can convert the integral over Σ into a boundary integral at infinity and at B. The boundary integral at infinity vanishes by our asymptotic conditions, and-taking account of Eq. 1.1 and the fact that χ µ vanishes at B-the boundary integral at B vanishes by axisymmetry.
Remark 3.1. Although every degeneracy of E corresponds to a physically stationary solution, stationary solutions with nonvanishing charge will not, in general, be degeneracies of E .
Remark 3.2. The restriction to axisymmetry is not necessary to prove gauge invariance of the canonical energy E ′ defined with respect to the horizon Killing field χ µ rather than t µ . In the proof of property (iv) above, the boundary term at B will vanish without any assumption of axisymmetry. However, in 3 + 1 dimensions, one would have to impose the slightly stronger asymptotic fall-off conditions mentioned below Eq. 3.9 in order to be guaranteed of getting a vanishing contribution from the boundary term at infinity.
Since the only degeneracies of E are physically stationary solutions and since stationary solutions are manifestly stable, mode stability will be proven if E (α, α) ≥ 0 for all α. Substituting from Eq. 3.8 into Eq. 3.10 and using Eq. 3.7, we obtain (after various integrations-by-parts, using our fall-off conditions Eq. 3.1 at infinity) the following explicit expression for the canonical energy:
Thus, the canonical energy E Eq. 3.16 differs 7 from the energy E F obtained from the Maxwell energy-momentum tensor Eq. 1.8 by a boundary term on the bifurcation surface
This boundary term vanishes for a static black hole (since N a = 0), and for perturbations supported away from B on a stationary-axisymmetric black hole. However, as we shall see, it will be important to keep this term to show positivity of the canonical energy for perturbations on a stationary-axisymmetric background which do not vanish on B.
When the background black hole is static (N a = 0), we get a manifestly positive-definite
Thus, any static vacuum black hole background (not necessarily satisfying Einstein equation) is stable to (not necessarily axisymmetric) electromagnetic perturbations [16, 17] . However, the situation is quite different for the case of a rotating black hole. For a rotating black hole, we still have N = 0 on B but we now have N a = 0 on B, so there is always an ergoregion outside the horizon where N a N a > N 2 . It is easy to find non-axisymmetric perturbations of compact support in the ergoregion that make E and E F negative. For axisymmetric pertubations, if the spacetime is not required to satisfy Einstein equation, then it also is easy to construct examples (by choosing N a sufficiently large) for which E and E F can be made negative (see Appendix B.2 [17] ). Note that axisymmetric perturbations 7 The factor of 1/2 appearing on the left side of Eq. 3.17 occurs because, following [16] , we have normalized E so that for a one-parameter family of solutions A µ (λ), it is the second derivative of energy with respect to λ. The factor of 1/2 is the Taylor coefficient of this term.
with E < 0 will grow exponentially with time [17] , so such black holes are unstable to electromagnetic perturbations. However, if the spacetime satisfies Einstein equation, it is far from clear whether such examples are possible. In the next section, we will prove that E is positive whenever the background spacetime satisfies the vacuum Einstein equation. Thus, all black holes that satisfy the vacuum Einstein equation are stable to axisymmetric electromagnetic perturbations. Nevertheless, in Appendix A, we will show that for black holes that satisfy the vacuum Einstein equation, although E ≥ 0 for all axisymmetric electromagnetic perturbations, we can always find axisymmetric electromagnetic perturbations that make E F < 0.
POSITIVITY OF E FOR AXISYMMETRIC PERTURBATIONS
Consider initial data (E a , A a ) on Σ that is axisymmetric, i.e., £ φ Λ E a = £ φ Λ A a = 0 for all φ a Λ appearing in Eq. 1.1. We decompose E a and A a into their φ-reflection odd and even parts as
withẼ a φ Λa =Ã a φ Λa = 0. Note that A Λ is gauge invariant with respect to gauge transfor-
The t-φ-reflection even and odd parts of the initial data are, respectively,
Note that Eq. 3.7 restricts only the t-φ-reflection-odd data
Under the decomposition Eq. 4.3 the canonical energy E splits into independent parts which depend only on the t-φ-reflection-even and -odd parts of the initial data. We call the reflection even part 9 the kinetic energy K and the reflection odd part the potential energy U . Thus, we have E = K + U (4.5)
The kinetic energy is given by the manifestly positive expression
In the above expression the square of any tensor quantity is taken with respect to the appropriate metric, that is, (E Λ )
. We shall use this convention henceforth to avoid proliferation of indices. From Eq. 4.8 we see that the kinetic energy is always positive for any black hole background, without the need to impose Einstein equation on the background. The potential energy is given by
As remarked at the end of the previous section, there exist black hole spacetimes on which U fails to be positive for all (E a , A a ) [17] . We now show that U ≥ 0 when the black hole background satisfies the vacuum Einstein equation.
To begin, we combine the last two terms in the expression Eq. 4.9 to obtain
Next, we substitute from Eq. 2.11b to obtain
Using Eq. 2.14, we get
where X aΘ Ξ was defined in Eq. 2.7 above. On the other hand, we have
The integral over Σ of first term on the right side of Eq. 4.13 vanishes. We thereby obtain
Thus, U takes a manifestly positive form, as we desired to show.
Remark 4.1 (Asymptotically deSitter backgrounds). Our results generalise to stationaryaxisymmetric black holes in with a t-φ reflection isometry in asymptotically deSitter background spacetimes 10 satisfying the vacuum Einstein equation with a cosmological constant λ > 0. Due to the cosmological constant in the Einstein equation, the ADM evolution equation Eq. 2.11a gets an additional term
Nλh ab on the right-hand-side, while, the constraint Eq. 2.10a gets an additional 2λ on the right-hand-side. Consequently, the right-hand-side of Eq. 2.13 gets an extra term of
A repetition of the above calculation shows that we get the extra term
2 in Eq. 4.14. For asymptotically deSitter black holes with λ > 0, the additional term contributed by the cosmological constant is positive.
Remark 4.2 (Extremal black hole backgrounds)
. Our analysis also applies to axisymmetric electromagnetic perturbations with compact support initial data on stationary-axisymmetric (asymptotically flat or deSitter) extremal black hole backgrounds. In particular, our results imply that the criterion for instability, in terms of violating the near-horizon "effective Breitenlöhner-Freedman bound", given in Sec.5.2 and 6.4 [25] is never satisfied for axisymmetric electromagnetic perturbations, in agreement with the numerical evidence in Sec.III.E [26] .
OTHER POSITIVE FORMS OF U IN (3 + 1) AND (4 + 1) DIMENSIONS
In this section we will consider the special case of d = 3 with one axial Killing field (k = 1), and d = 4 with two axial Killing fields (k = 2). We further restrict to the case where, in differential forms notation, 11 * E-which is closed, d * E = 0, by Eq. 3.7-is exact, i.e., * E = dΓ for some (d − 2)-form Γ. By the deRham theorem, the necessary and sufficient condition for * E to be exact is that the charge integral S * E vanish for all closed (d − 1)-surfaces S. Let S ∞ be a sphere near infinity. If S ∞ generates the nontrivial (d−1)-homology of Σ, then * E will be exact provided that the total charge, of the solution vanishes,
10 Here, by "asymptotically deSitter" we mean a spacetime with a structure like that shown in Fig. 1 above, but with "∞" replaced by the bifurcation surface, B ′ , of another Killing horizon (the "cosmological horizon") such that the region of Σ bounded by B and B ′ is compact. The canonical energy, E , will get an additional contribution from B ′ , but this can be handled in the same manner as the contribution from B.
Note that in the axisymmetric case, Eq. 5.1 only restricts the "polar" electric fieldẼ a . The reason why the cases of d = 3 with one axial Killing field and d = 4 with two axial Killing fields are special is that in these cases, the manifold of orbits of φ a Λ is two dimensional. It follows that for axisymmetric polar electric fields,Ẽ a , the (d − 1)-form Γ can be replaced by a scalar potential H viaẼ
Hereε ab is the volume form on the 2-dimensional manifold of orbits of φ a Λ given bỹ
with η Λ 1 ...Λ k the k-form on V defined below Eq. 2.6. Note that φ a Λε ab = 0, and (using Eq. 2.5)
Using the potential H we can integrate-by-parts the last two terms of Eq. 4.9 in another way as
The last term vanishes due to the background ADM evolution equation Eq. 2.11b. Thus, by taking an arbitrary linear combination of Eqs. 4.10 and 5.4 we can write the potential energy as
for any real constant q. Defining
we can write Eq. 5.5 as
For the first term in the last line of Eq. 5.7, using Eq. 2.14 and the computations in Eqs. 4.12 and 4.13 we get
To similarly manipulate the last term in Eq. 5.7, we define X a = X a Λ Λ , which satisfies (from Eq. 2.14)
We obtain,
Using Eqs. 5.8 and 5.10 the potential energy expression Eq. 5.7 can be written as
First, consider the case d = 4 with two axial Killing fields. Since the last line of Eq. 5.11 is of indefinite sign we choose q = 0 or q = 1 giving us two positive forms of the potential energy
The second form Eq. 5.12b (q = 1) is, of course, just the previously derived positive expression Eq. 4.14 written in terms of the scalar potential H. Now, consider the case d = 3. Since there is only one axial Killing field we can drop the indices Λ, Θ, . . . Then, Φ ΛΘ ≡ Φ and the axial vector potential is of the form Aφ a i.e.
The last line of Eq. 5.11 vanishes identically and using Eqs. 5.8 and 5.10 in the second-to-last line of Eq. 5.11 we get the manifestly positive form
for any 0 ≤ q ≤ 1 with Eq. 4.14 corresponding to q = 1. This expression for q = 1/2 has been obtained independently by Gudapati [27] . The case q = 1/2 for d = 3 is particularly interesting. To see this, we replace A and H by a complex potential Ψ Ψ := ΦA − iH (5.14)
Then with q = 1/2 the potential energy Eq. 5.13 can be written as
Until this point, we have considered only the t-φ reflection odd data determined by A and H. However, if t-φ even data also is present, the evolution equations Eq. 3.8 allow us to express this data in terms ofȦ andḢ as
The kinetic energy Eq. 4.8 is then given by
Next we show that the total canonical energy E = K + U can be written in terms of an "effective energy-momentum" tensor, T µν , for Ψ. To do this we extend Z a (Eq. 5.16) to a complex 1-form on spacetime Z µ so that t µ Z µ = φ µ Z µ = 0 and such that the pullback of Z µ to Σ is Z a . We use Z µ to define a new complex derivative operator
We define
Using Eqs. 5.15 and 5.18 the canonical energy then can be written as
Note that T µν (Ψ) contains terms with no derivatives of Ψ while the Maxwell energymomentum tensor Eq. 1.6 depends only on the first derivatives of Ψ. Note also that the equations of motion Eq. 3.8, when expressed in terms of Ψ, take a "wave-like" form
This "wave-like" form Eq. 5.22 along with the "effective energy-momentum" Eq. 5.20 may be useful for proving decay results for electromagnetic perturbations following [7] [8] [9] [10] .
Remark 5.1 (Relation to the self-dual Maxwell field strength). Consider the complex selfdual part F µν of the Maxwell field tensor F µν
where * is the Hodge dual with respect to the background spacetime metric g µν . The reflection-even and -odd parts of F µν on Σ are given by
Thus, we can view Ψ andΨ as complex "magnetic" potentials for F µν . The corresponding "electric" potentials can be obtained using the duality relation ( * F ) µν = iF µν . A direct computation shows that Z a defined in Eq. 5.16 is Defining a complex potential Υ := Φ + iω, we can write Z µ as
The complex potentials Ψ and Υ are the Ernst potentials for the electromagnetic perturbations and the vacuum gravitational background, respectively [30, 31] . It is known that the Einstein-Maxwell equations take the form of a wave map when written in terms of the Ernst potentials. This line of investigation has been pursued by Moncrief and Gudapati [32] .
(A.3)
Then A a and E a are axisymmetric, and D a E a = 0. They also are t-φ-reflection-odd, so K = 0 and E = U . Now, on B, for large β, we have for some constant C ′ . Thus, for sufficiently large β, the negative boundary term Eq. A.6 dominates over E , thereby making E F < 0.
